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An effective ttamiltonian, which includes a coupling between spins and orbitals, is derived for manganites by 
taking into account the Hund coupling, on-site Coulomb interaction and orbital degeneracy of the eg state. By 
using the effective Hamiltonian, magnetic structures, spin and orbital excitations are studied in a mean .field 
approximation for the undoped insulating phase and in the exact diagonalization method for the undoped 
and 50 % doped charge-ordered phases. It is shown that the coupling between spins and orbitals is crucial 
to the magnetic structures and that the so-called A-type AF is realized by self-adjusting the orbital ordering. 
Implication to the colossal magnetoresistance in manganites is given. 

1. I N T R O D U C T I O N  

Recently, a huge negative magnetoresistance 
called colossal magnetoresistance (CMR) has been 
observed in perovskite manganites (La-X)MnO3 
where X is Ba, Ca, or Sr [1, 2, 3, 4, 5, 6]. The 
phase diagram of the manganites shows a rich va- 
riety of structural, magnetic, and transport proper- 
ties [7, 8, 9, 10]. The undoped manganite, LaMnO3, 
is an insulator with a layered antiferromagnetism 
(AF), A-type AF, and changes to a ferromagnetic 
(F) metal by replacing La with Ba, Ca or Sr. A com- 
plex spin and charge ordered phase, CE-type AF, 
occurs near 50% doping of Ca. In the Ca rich re- 
gion, the stripe type AF (C-type AF) appears, and 
finally the usual alternate type AF (G-type AF) oc- 
curs in CaMnOs. Near the Curie temperature in F 
state, the resistivity dramatically drops with decreas- 
ing temperature, and the CMR appears by relatively 
weak external magnetic fields. The CMR effect is 
more dramatic in La0.sCa0.sMnO3, Pr0.sSr0.sMnO3, 
and Pr0.sCa0.sMnO3, where the charge ordered AF 
insulating phase changes to the metallic F [11, 12]. 
This is actually an insulator-metal transition. The 
transition driven by relatively weak magnetic fields 
suggests that magnetically ordered phases are nearly 
degenerate. Therefore, the mechanism of appearance 
of these ordered phases is crucial to clarify the origin 
of CMR effect. 

The magnetic and magnetotransport properties 
are governed by mainly Mn ions and less affected by 
oxygen ions. In LaMnO3, Mn ions are Mn 3+ and 
they become mixed-valent states of Mn a+ and Mn 4+ 
in (La-X)MnOs. The 3d-electronic states of Mn ions 
split to doubly degenerate eg states and triply degen- 
erate t2g states because of the crystal field from the 
cubic octahedron. As Mn 3+ ions have 3d 4 configura- 
tion, the t~ 9 states are occupied by three electrons 
with parallel spins and one eg orbital is occupied 
by the remaining electron whose spin is parallel to 
t29 spins due to the Hund coupling. LaMnO3 is an 
insulator because of the strong on-site Coulomb in- 
teraction between eg electrons and becomes metallic 
in the mixed-valent state where some Mn ions have 
no eg electrons. The tug electrons behave as local- 
ized spins because the overlap of the wave functions 
between the t2g and oxygen p orbitals is very small. 

Thus, the key to understand the properties of 
manganites may reside on following ingredients of 
Mn ions; (1) Hund coupling between t2g and eg elec- 
tron spins, (2) degeneracy of eg states, and (3) on- 
site Coulomb interaction between eg electrons. The 
first plays an important role in the double exchange 
(DE) interaction when mobile carriers is introduced. 
The phenomenon that the insulating A-type AF is 
changed to a metallic F state by doping has been un- 
derstood in terms of the DE interaction [13]. The de- 
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generacy of eg states causes the Jahn-Teller (JT) dis- 
tortion, which has been suggested to be an origin of 
the insulating A-type AF in LaMnO3 [14, 15]. Both 
the DE and JT mechanisms have been proposed to 
explain the CMR effect [16, 17, 18]. In these theories, 
however, the on-site Coulomb interaction between eg 
electrons has been neglected though it is stronger in 
magnitude than the Hund coupling and the JT split- 
ting of the eg states [19]. We have previously shown 
that the strong on-site Coulomb interaction modi- 
fies the results obtained in the simple DE interac- 
tion and is important also for the magneto-transport 
[20]. The on-site Coulomb interaction has also been 
pointed out to give rise to a coupling between spin 
and orbital degrees of freedom in combination with 
the orbital degeneracy [21, 23, 22, 24, 25]. 

In this paper, we will show that the coupling be- 
tween spins and orbitals actually plays a crucial role 
on the magnetic structures and excitations in man- 
ganites. In the following, we first derive an effective 
Hamiltonian for manganites by taking into account 
the key ingredients mentioned above. Using the ef- 
fective Hamiltonian, we study spin and orbital or- 
derings and their excitations for undoped insulating 
phase in a mean field approximation [26]. Next, an 
interplay of the spins and orbitals is demonstrated 
in the exact diagonalization (ED) study for both un- 
doped insulating phase and the charge ordered phase 
with 50% doping [27]. Finally, we briefly discuss im- 
plications to the CMIt effect. 

2. E F F E C T I V E  H A M I L T O N I A N  

The basic Hamiltonian consists of hopping of e 9 
electrons between nearest neighbor (n.n.) Mn ions, 
the Hund coupling between itinerant e e and local- 
ized t2 e spins, on-site Coulomb interaction between 
eg electrons, and AF coupling between n.n. local- 
ized t~ e spins. The hopping matrix elements between 
d,2_v2 and dzz2_~2 orbitals axe properly evaluated in 
the tight-binding model including oxygen p-orbitals 
and the last term is included to realize the G-type 
AF of CaMnO3. 

Eliminating the on-site Coulomb interaction, 
which has the largest energy scale, in the usual 
second-order perturbation method excluding the 
double occupancy of the eg orbitals, we obtain the ef- 
fective ttamiltonian, which includes the coupling be- 
tween spin and orbital degrees of freedom [26]. The 
final expression of the effective Hamiltonian is given 
by 

Hell = Ho + [-le, + IlK + H.t,2,, (1) 

3226 
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Here, H0 stands for the hopping of e a electrons 
from an orbital # on site i to an orbital u on the n.n. 
site j with a constraint that no double occupancy of 
the e a state permitted. He, is the super-exchange 
type effective Hamiltonian for e a electrons, which is 
expressed in terms of the spin operator S and pseu- 
dospin operator T of e a electrons, which are defined 
by 

1 

p , a , ~  

Si - 

and 

Ti = 
1 (7) 

Otpl~,V 

respectively, where o" is the Pauli matrix. T de- 
notes the orbital degree of freedom of the e U elec- 
trons. The eigenstates of the operator T correspond 
to the occupied and unoccupied eg orbitals, for ex- 
ample, T, = 1/2 and - 1 / 2  correspond to the oc- 
cupied dx2_y2 and daz2_r2, respectively. In He,, 
] = t]/(U' - J') with inter-orbital Coulomb interac- 
tion U r, inter-orbital exchange interaction J' within 
the same ion, and a hopping integral to between two 
neighboring d=2_y2 orbitals in the x direction, t ~  is 
a hopping integral between a and b orbitals normal- 
ized by to. HK and H,2, denote the Hund coupling 
between e 9 electrons and localized t.~g spins, S t~,, 
and AF interaction between localized t2g spins, re- 
spectively. Other notations are standard. In /'le,, 
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we have omitted two terms whose prefactors include 
K in the denominator thereby their contribution is 
small. The three-site hopping term was also ne- 
glected as usually done in the transformation from 
the Hubbard model to the t - J model [26]. 

We can see from the expression of He, that the 
coupling constant depends on the hopping integrals 
between n.n. sites, thereby it depends on the type 
of orbital ordering. Basically,/fe, prefers F ordering 
in the spin part and AF ordering in the orbital part. 
However, the orbital ordering is not so simple as de- 
scribed above because of complex ternts like T/• • . 
Because the Hund coupling is usually strong in man- 
ganites, the F spin coupling in Heg competes with the 
AF coupling between the t2g spins. Therefore, de- 
termination of the magnetic structure ishighly non- 
trivial because the coupling constant in He, depends 
on orbital ordering. In the following we show that 
various magnetic orderings appear near the realistic 
parameter values. 

3. C A L C U L A T E D  R E S U L T S  

3.1. M e a n  field approximation 
In this section, we present the results of the tran- 

sition temperature Tc of spin and orbital order- 
ings and the excitations calculated for the insulating 
LaMnOa in a mean field approximation. Through- 
out this section, we take f ~ 0.1 eV and assume 
[3x 2 - r 2, 3y 2 - r 2] type orbital ordering [28] where 
da~c2_r2 and day,_r2 orbitals are occupied alternately 
by one e 9 electron. In the calculation, we have in- 
cluded two terms which are not explicitly shown in 
the expression of H%. These terms effectively in- 
crease the AF coupling between e 9 spins. 

Fig. 1 shows the calculated results of Tc as 
functions of Jr2,- We have introduced the follow- 

ing thermal averages, (Sz), (Tz), (SzTz) and (S~ 2') 
as the mean fields. We can see in the figure that the 
highest Tc of the spin ordering changes in order of 
F, A-type AF and G-type AF with increasing Jr2,. 
The A-type AF is realized for intermediate values of 
Jt2g near 6 meV with Tc = 0.015 .-, 0.02 eV. The 
value of Jr2, to realize the A-type AF is the same or- 
der of magnitude with that estimated from the Ndel 
temperature TN of CaMnOs. Tc for the A-type AF 
is also consistent with TN ", 140 K in LaMnOa. 

Tc of the [3z 2 - r 2 , 3y 2 - r 2] type orbital ordering 
is independent of Jr2, as expected and much higher 
than that of the spin ordering. The orbital ordering 
in the actual compounds may occur at the structural 
transition temperature (875 K) [9] from the rhombo- 
hedral to O'-orthorhombic phases. The calculated 

O. 1 0 ~  

>'o 0"06 I ,~  ~ 

0.02 

0.00 
0.000 0.005 0 .010  
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Figure 1: Transition temperatures as functions of 
Jt2g for F (squares), A-type AF (circles), G-type AF 
(triangles) and for orbital ordering (diamonds). 

orbital ordering temperature is of the same order 
with the structural phase transition temperature. 

The change in the spin structures with increas- 
ing Jr2, is brought about by a competition between 
the isotropic AF coupling between t2g spins and the 
anisotropic F coupling in / te , .  In the [3z ~ - r 2, 39" - 
r 2] type orbital ordering, magnitude of the electron 
transfer between the occupied dax2-r2(day2-r2) or- 
bital and its n.n. unoccupied dsy2_r2(dsx~_~2) or- 
bital in the x - y plane becomes nmch larger than 
that along z axis. Therefore, the F coupling ill fie, 
becomes anisotropic. The anisotropy is realized by 
including the inter-orbital transfer integrals. Actu- 
ally, if we take t~ b = ti ~] = 0, the A-type AF ordering 
can not be stabilized for any parameter values. Thus, 
the A-type spin ordering is a result of a competition 
between the AF interaction and the effective F cou- 
pling which is assisted by the orbital ordering. 

Next, we examine the spin and orbital excita- 
tions in the A-type AF associated with tile [3z-'-- 
r2,3y 2 - -r  2] type orbital ordering. In the calcula- 
tions, we adopt an extended unit cell which contains 
four Mn ions and introduce a new spin operator J 
with J -- 2, replacing the spin operators S and S t2g 
with J / 4  and (3/4)J, respectively, and eliminate HK 
because the large Hund coupling makes eg and t., 9 
spins precess in phase in the low energy states. The 
spin and orbital excitations have been calculated by 
the Holstein-Primakoff transformatiou to both J and 
T operators and by the IIartree approximation. 
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Figure 2: Spin wave excitation spectrum in the A- 
type AF ordering with [3z 2-r 2, 3y2--r 2] type orbital 
or<iering. 
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Figure 3: Orbital wave excitation spectrum in the 
A-type AF ordering with [3z 2 - r2,3y 2 - r 2] type 

�9 orbital ordering. 

Results of the spin excitations are shown in Fig. 
2 with Jt2g -- 5.5 meV. Other parameter values 
are the same with those used before. The dis- 
persion curves along A ~ B --~ C corresponds 
to those in (0, 0, 0) ~ (Tr/a, ~/a, 0) in the Bril- 
louin zone for the unit cell of the conventional per- 
ovskite structure with a being the lattice constant. 
The curve along A -* D corresponds to that in 
(0, 0, 0) ~ (0, 0, 7r/a) direction. The excitation en- 
ergy in (0,0,0) --~ (~/a, Tr/a,O) direction is much 
larger than that in (0,0, 0) ~ (0, 0, 7r/a) direction, 
indicating the two-dimensional character in the spin 
ordering. The calculated results in Fig. 2 show a 
good agreement with recent neutron measurements 
[29]. 

The calculated results of the dispersion of the or- 
bital wave are shown in Fig. 3. There is a large 
energy gap in the orbital excitations, which may be 
resulted from an anisotropy introduced by the as- 
sumption of the layered type spin ordering, that is, 
the A-type AF in the ground state. Because there 
is no competition between the F and AF coupling as 
in the spin space, the orbital exications have a much 
wider band width as compared with the spin wave 
excitations. The fiat dispersion in the z - y plane 
is due to the [3z 2 - r 2, 3y 2 - r 2] type of the orbital 
ordering, where the coefficients -i~taatbb-i.~ and -,jta.bt b..a_,J in 

/~e, become zero. 
3.2. Exact diagonalization method 

I n  the mean field approximation, the type of the 
orbital ordering is assumed to be the observed one, 
[3z~-r  2, 3y2-r 2] type orbital ordering. The spin and 

orbital ordering, however, must be determined self- 
consistently. In order to confirm the results obtain in 
the mean field approximation, we perform an exact 
diagonalization study for small clusters (2 x 2 • 2 in 
this case) using a simpler but effectively the same 
Hamiltonian for the insulating phase of LaMnO3. 
Furthermore, we present the results calculated for a 
charge ordered phase with 50 % doping. In this sec- 
tion, we will show that the orbitals play an important 
role on the stabilization of the magnetic structures. 

As we have reported in the previous section, 
the magnetic structures in the insulating phase of 
LaMnO3 are realized by a competition between the 
AF coupling between t29 spins and an effective F cou- 
pling in/Ieg where the type of the orbital ordering 
governs the coupling constant. Because the Hund 
coupling is strong enough to make ez and t2g spins 
parallel, we can introduce a supplementary isotropic 
AF interaction between e 9 spins instead of HA- and 
H Jr2, to represent the competing interactions be- 
tween the AF coupling in Hjt~g and the F coupling 
in ~reg. The resultant Hamiltonian for the insulating 
phase may be written as 

Z = g , ,  + Jar S , -S j ,  CSl 
<i j> 

which is characterized by two parameters J and JAF. 
This Hamiltonian may be sufficient to describe the 
low energy excitations. It should be noted that the 
magnitude of JAF is larger than Jt~, by one order 
of magnitude because St3f has been replaced with % 
spin S. With this simplification, we can treat three- 
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Figure 4: Types of orbital orderings; (a) F, C- and 
G-type AF in the undoped phase, (b) A:type AF in 
the undoped phase, and (c) A-type AF in the 50 % 
doped charge-ordered phase. 

dimensional (3-D) 8-site (2 x 2 x 2) clusters in the ED 
method. One should note that the proper symmetry 
of the system is retained only when the 3-D is taken 
into account. 

By examining the total spin value S t~ and spin 
correlation function S(Q), it has been found that the 
spin ordering changes in order of F, A-type AF, C- 
type AF and G-type AF with increasing JAF/J. The 
A-type AF is stabilized near JAr/] ~ 1.0. Type of 
the orbital ordering can be identified by calculating 
the orbital correlations (Ti- Tj). The orbital order- 
ing in F, C and G-type AF is [2 - y2,3z 2 , r2] type, 
which is shown in Fig. 4(a). In the [z 2 -y2,3z2-r 2] 
type ordering, the F coupling along the z-axis is 
stronger than that within the z-y plane. There, 
fore, the F ordering naturally changes to C- and 
G-type AF with increasing JAr/]. In this orbital 
ordering, however, the A-type AF does not appear. 
The A-type AF occurs only when the orbital order- 
ing is rearranged to [3z 2 -  r 2 , 3y  2 -  r 2] type ordering, 
which is shown in Fig. 4(b). In this orbital ordering 
the F coupling along the z-axis is weaker than that 
in the z - y  plane. Therefore, the orbitals adjust 
themselves to lower the GS energy by realizing four 
F bonds and two AF bonds in the A-type AF for 
small values of J A F / J .  In the previous section, the 
[3z 2 - r s, 3y 2 - r 2] type orbital ordering has been 
assumed and the occurence of the A-type AF has 
been explained in the mean field approximation. In 
ED method, however, the stabilization of the A-type 
AF is self-consistently determined as a result of the 

strong interplay of spins and orbitals. Thus, the re- 
sults confirm those obtained in the previous section. 
It should be stressed here that the A-type AF is re- 
alized by the strong on-site Coulomb interaction and 
the orbital degeneracy. 
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Figure 5: Numerical results of the spin excitation 
spectra of (a) F, (b) A-type AF, (c) C-type AF and 
(d) G-type AF in the insulating phase for a 2 x 2 x 2 
cluster. The solid and broken curves are excitations 
in the x - y plane and along z-axis,respectively, cal- 
culated in the spin wave approximation. 0, X, M 
and R denote Q = (0, 0, 0), (,'r, 0,0),(Tr, Tr,0) and 
(a', 7r, ~r), respectively. 

We have studied the spin excitations in F, A-, C- 
and G-type AF in the ED method and compared the 
results with those in the spin wave approximation. 
The results are shown in Fig. 5, where the solid and 
broken lines are calculated ones by the spin wave ap- 
proximation with the same parameter values used in 
the ED method. We found that the spectra with 
strong intensity appear approximately in the region 
where the spectra in the spin wave approximation ex- 
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ist, and that incoherent spectra with weak intensity 
spread over high frequency region. The incoherent 
part is caused by the coupled excitations of spins and 
orbitals. In spite of the coupling, the main feature of 
the low-energy spectra can be qualitatively explained 
in the spin wave approximation, which may justify 
the usual spin wave analysis presented in the previ- 
ous section for the experimental results in LaMnO3 
[29]. The orbital excitations are rather difficult to 
analyze because the total angular momentum does 
not conserve as can be seen in the Hamiltonian, so 
we omit detailed discussion of the orbital excitations. 

The charge ordered state at 50% doping shows a 
complex ordering of the CE-type AF. As the size of 
the unit cell, containing 16 Mn atoms in the CE-type 
AF, is too large for the ED method, we focus our at- 
tention on how the interplay of spins and orbitals 
can be realized in a NaCl-type charge ordering. This 
problem is highly nontrivial because the hopping of 
% electrons to a n.n. vacant site leads to a gain in 
the kinetic energy and produces additional interac- 
tions. The important point is that the kinetic energy 
depends on the orbital orderings. 

In order to realize the charge ordered phase, 
we add a term of n.n. Coulomb repulsion, 

-i'- Vnin j .  As the e ! electrons are mobile, the 
simplificatmn used for the undoped case can not be 
allowed and the t~ a and e a spins must be dealt with 
separately. In the following, we take relatively large 
values of K and V to ensure the parallel alignment of 
e a and t~# spins on the same site and the charge or- 
dering. Now the competing interactions are the AF 
interaction between t2a spins and the F couplings due 
to the effective Hamiltionian derived for e a electrons 
and the DE type interaction caused by the hopping of 
e# electrons. Here, we assume 1/2 spin for t2a spins 
to make the ED calculation possible for 2 • 2 • 2 
dice. Parameter values are taken as f = 0.lit01 and 
V = K = 10It01. 

The type of spin ordering calculated as a function 
of  Jt2,/to changes in order of F, A-type AF, C-type 
AF and Ferri with increasing Jt~/ to .  However, the 
ground state is degenerate except for the A-type AF, 
calculation of S(Q) is useless to identify the the C- 
type AF. Therefore, the stabilization of the C-type 
AF is not conclusive. The parameter range of the 
stabilization of AF is rather narrow, 0.01 < Jt~g/to < 
0.04. In the Ferri state, spins of Mn 3+ and Mn 4+ 
align alternately, and the S t~ becomes 2 for 8-site 
clusters. The types of the orbital ordering within 
the z - y plane can be obtained from the orbital 
correlations (Ti �9 Tj}. They are shown in Fig. 4(c) 

for A-type AF ordering. We can interpret that the A- 
type AF is realized by adjusting the orbital ordering 
as in the undoped case. This is an interplay of spin 
and orbital degrees of freedom, which is crucial for 
the magnetic structures of manganites. 

4. D I S C U S S I O N  

As shown in previous sections, there can be sev- 
eral types of AF ordering within narrow parameter 
regions. The variety of the magnetic ordering sug- 
gests that the CE-type AF can be realized in larger 
clusters than those used in the present calculations, 
and that the spin ordering of the GS can easily be 
changed by some external forces such as magnetic 
field and pressure [31, 32]. The effect of the mag- 
netic field is nothing but the CMR effect, which is 
most remarkable in the charge ordered phase [12]. In 
usual magnets, the energy difference between F and 
AF states is so large that the magnetic state can 
not be easily changed by the external magnetic field. 
However, in the manganites, the interplay of spins 
and orbitals makes the variety of magnetic structures 
possible and leads to the large magnetoresistance ef- 
fect. 

The 50 % doped manganites show the CE-type 
AF which has complex magnetic ordering. The size 
of the clusters in our ED study is too smallto re- 
alize this structure. However, in a preliminary cal- 
culation for a V~ x v/8 cluster where the magnetic 
structure within the a - b  plane has been emphasized, 
the results of the spin correlations suggest that the 
magnetic structure is either a spiral state or a zig- 
zag type AF ordering. The latter is the observed 
structure within the a - b plane in the CE-type AF. 
The orbital correlations are also in accord with the 
observed CE-type structure [9, 30]. 

5. C O N C L U S I O N  

We have derived an effective Hamiltonian for 
manganites, which includes strong coupling between 
spin and orbital degrees of freedom and competing 
ferromagnetic and antiferromagnetic interactions. 
By making use of the effective Hamiltonian, the spin 
and orbital orderings have been studied in the mean 
field approximation and the exact diagonalization 
method. It has been shown that various magnetic 
structures can be realized within the relatively nar- 
row range of parameter values and that the role of 
orbital degree of freedom is crucial to the spin or- 
dering. Especially, the A-type AF is stabilized by, 
self-adjusting the orbital ordering. The spin and or- 
bital excitations have also been studied in the mean 
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field approximation as well as in the exact diagonal- 
ization method. The results in the ED method have 
justified those in the mean field approximation. The 
calculated spin wave excitations of the A-type AF are 
in good agreement with those in the neutron exper- 
iment. The spin and orbital excitations also couple 
with each other. We stress the importance of the 
interplay of spins and orbitals caused by the strong 
on-site Coulomb interaction and orbital degeneracy 
to elucidate the magnetic properties as well as the 
CMR effect. Study for the metallic phase is a re- 
maining issue to be studied near future. 
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